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ABStmACT 


In  this  paper,  the  necessairy  and  sufficient  conditions 
for  the  realizability  of  linear,  passive,  time  Invariant  two- 
port  networks  are  derived  In  terns  of  the  various  two  port 
parameters.  Ihe  two-poirt  parameters  considered  are:  the  open 
circuit  impedance  (Z)  parametezs,  the  short  circuit  admittance 
(Y)  parameters,  the  hybrid  (H)  parameters,  the  transmission 
(ABCD)  parameters,  and  the  scattering  (S)  parameters.  Ihe 
derivation  Is  based  on  the  definition  of  a  positive  real  Imped 
ance  matrix  for  a  two -port  network. 
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REMJZABILIW  nomgTTQlB  FOR  VARIOUS  MEIWDRK  PARAMETERS 


1.  Introduction 


The  Impedance  matrix  associated  with  a  passive,  linear, 
time  Invariant,  n-port  network  Is  positive  real.  An  n  x  n  matrix, 
[Zj^(8)],  Is  defined  eis  positive  recLL  If  and  only  If  It  satisfies 
the  following  conditions:^ 


n 

a)  ^  xixjZij(e)  >  0,  for  any  xjxj,  and  for  Re(8)  >  0, 

where  x^  denotes  the  complex  conjugate  of  X]^.  (1) 

h)  All  Zjj(s)  are  analytic  for  Be(8)  >  0  ,  (2) 

c)  All  Zj^(8)  are  real  for  s  real.  (3) 


In  equation  (1)  2j^j(s)  b  +  Zj^j]  are  the  elements  of  an 

Bermltlan  matrix.  ^Ihe  Zjj  are  the  impedance  coefficients  of 
the  network,  considered  as  functions  of  the  complex  variable 
s  ■  (7  J<o,  evaluated  for  ReCs)  >0.  In  matrix  form,  [Z^j]  Is 
given  by 


[Ziz]  - 


^Zii  +  Zii)  ^Z]£  +  Zfisi)  —  I^Zxn  +  Zni) 

^Zni  +  Zixi)  ^(Zfn2  +  Z2n)  “•  ^(Znn  +  Znzi) 
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A  necessary  and  s\ifflclent  condition  for  Inequality  (1) 
to  be  satisfied  is  that  all  the  principal  determinants  of 
are  non-negative.  The  individual  tenns  of  the  matrix  [zij]  axe 
of  the  form, 

Zii  “  rii  +  JXn  , 

Zii  =  rii  -  JXii  , 

etc.  therefore,  all  elements  on  the  principal  diagonal  are  reed, 
and  [Zij]  can  he  expressed  as 

rii  •^{Ziz  +  ZSi) - ^(Zin  + 

^(Zai  +  Zia)  raa  — 

«  • 

«  • 

i(Zni  Zin)  —  —  rnn 

In  addition,  if  the  network  is  reciproced,  then  Zj^j  = 
and  the  matrix  reduces  to 

Czij3  = 


rii  ria  —  rm 

m  raa  —  ran 
•  •  # 

•  •  • 

•  •  » 
J^in  *‘2n  ^nn 


[Zlj]  = 


3 


2.  Reallgablllty  Conditions  on  the  Imnlttonce  Barameters 

Consider  the  passive,  linear,  tlme> Invariant,  two-port 
network  shown  In  Figure  1. 


Flgrore  1 

^7  ijunlttance  peurameters  we  shall  mecui  those  parameters 
characterizing  the  network  which  can  he  defined  by  choosing  one 
variable  from  terminal-pair  #1,  one  from  terminal-pair  #2,  and 
by  relating  these  to  the  remaining  two  variables.  In  general, 
three  sets  of  parameters  are  defined  by  this  procedure.  Ihey  are: 

a)  The  "z"  parameters: 

▼1  =  ziiii  +  zisla 
V2  =  zaili  +  zasla 

b)  The  "y"  parameters: 

lx  “  yiivi  +  yiavg 
la  =  yaivi  +  yaava 

c)  The  "h"  parameters: 

vx  *  hull  +  hiava 


la  a  haili  ^  haava 
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Realizability  conditions  for  the  z  parameters  only  may 
be  immediately  deduced  from  a  consideration  of  eq>iatlons  (1),  (2), 
and  (3).  As  heus  been  mentioned,  a  necessary  and  sufficient  con¬ 
dition  for  (1)  to  be  satisfied  is  that  all  the  principal  deter¬ 
minants  of  [Zij]  sure  non-negative,  for  Re(s)  >  0.  Application 
of  this  criterion  to  the  reclproceJ.  case  gives  (^or  Re(s)  >0): 

(4a) 
(4b) 

(4c) 

These  conditions ,  together  with  conditions  ( 2)  and  ( 3) , 
suffice  to  assure  that  the  impedance  function  of  the  associated 
network  is  positive  real. 

A  more  genered  set  of  conditions,  vs^id  for  any  of  the 

immlttance  parameters,  may  be  deduced  by  following  a  procedure 
2 

outlined  by  Stern. 

Clearly,  conditions  ( 4a) ,  ( 4b) ,  and  ( 4c)  constitute  a 
special  case.  Stern  deduces  restrictions  on  a  generalized  set 
of  immlttance  peurameters  for  a  two-port  network  Imposed  by  pM- 
sivlty  conditions.  That  is,  he  considers  networks  characterized 
by  equations  of  the  form 


1*11  >  0 

r liras  -  rfa  >  0 


which  imply 


raa  >  0 
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Di  ■  kiiJi  +  kiaJa 
Qs  B  ksxJx  iC2sJs 


where  the  D's  and  J's  are,  respectively,  cunrents  or  voltages, 
and  the  subscripts  refer  to  the  terminals  of  the  network,  lihe 
k's  may  be  any  of  the  three  Innlttance  parameters.  For  a  tvo- 
port  network,  a  necessary  and  sufficient  condition  for  lneq^allty 
(1)  to  be  satisfied  Is  that,  for  Re(s)  >  0, 

Re(kii)  >0  (5a) 

|]!in|  ReO^n)  <  2Re(kii)  HeCkaa)  (5b) 

lAilch  Imply 

Re(ka2)  >  0  (5c) 

where  =  kiakai  . 

For  a  reciprocal  network,  kxa  »  kai.  If  the  network  Is 
to  be  described  by  the  h  parameters,  conditions  (5)  reduce  to 


Re(hii)  >  0  , 

Re(he2)  >  0  , 

|hi2|®  +  He(hfa)  <  2Re(hii)  Re(ha2)  , 


when  Re(s)  >  0 
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Now,  if 


Re(hij)  =  hij  , 

“  Hlj  ^ 


are  the  reeil  and  Imaginary  parts  of  then  the  third  of  the 
realizability  conditions  above  can  be  written  as, 


/ 


(hL  -  +  (2hiaHi2)^  +  (hfa  -  ^a)  <  2hnhaa  , 


idilch  reduces  to 


hfa  +  +  (hfa  -  ^a)  <  Shxxhaa  , 


or 


2hxa  <  2hiihaa 


The  three  conditions  on  the  h  parameters  may  therefore 
be  written  as 


bii  >  0 

(6a) 

ha2  >  0 

(6b) 

hiih£2  •  hfa  >  0 

(6c) 

for  Re(s)  >  0. 
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These  conditions  are  identiced  in  form  with  the  condi¬ 
tions  (^),  (^h),  (Uc),  on  the  z  parameters  >  as  expected. 

The  h  parameters  are  related  to  the  z  parameters  by  the 
relations, 


emd  to  the  y  parameters  by, 


Conditions  on  emalyticity,  for  the  h  parameters  for 
Re(8)  >  0  must  now  be  examined.  Since  zsz  “  l/h2s  may  have  no 
poles  or  zeros  in  the  right-half  s-plane,  has  nay  have  no  poles 
or  zeros  there.  Similarly,  yn  »  l/hn  incites  that  hn  has  no 
poles  or  zeros  for  Re(s)  >  0.  Finally,  since  yia  ■  hia/hix  may 
have  zeros  but  may  not  have  poles,  identical  conditions  apply  to 
his.  The  conditions  may  be  sunmarized  as  follows: 

a)  hii  and  has  nay  have  no  poles  or  zeros  for  Re(s)  >  0. 


(6d) 

b)  hia  may  have  zeros  but  may  not  have  poles  for  Be(s)  >  0. 

(6e) 
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Since  the  elements  of  the  tngpedance  matrix  are  real  for 
8  real,  haa  ■=  l/zaa  must  he  real  for  s  real;  similarly,  zn  = 
hii/haa,  which  requires  that  hn  be  reel  for  s  real. 

Prom  yia  =  -hia/hn,  a  similar  condition  Is  deduced  for 
hie*  In  sumnaxy.  It  may  be  stated  that  h  parameters  are  real  for 
real  values  of  s.  (6f) 

Conditions  ( 6d) ,  ( 6e) ,  and  ( 6f )  together  with  conditions 
( 6a) ,  ( 6b) ,  and  ( 6c)  are  necessary  and  sufficient  to  Insure  that 
the  Impedance  matrix  of  the  associated  network  Is  positive  real. 

A  complete  test  to  establish  tl»  positive  real  character 
of  the  Impedance  matrix  of  the  eussoclated  network  Includes  a  de¬ 
monstration  of  Inequalities  ( 6a) ,  ( 6b) ,  and  ( 6c)  over  the  entire 
right-half  s-plane.  More  useful  conditions  meiy  be  deduced,  how¬ 
ever,  In  which  the  Inequalities  need  only  be  verified  on  the  jo) 
axle. 

It  Is  known  that 

H(s)  *  huXi  +  ShinxiXs  hs^xl 

Is  positive  real  for  all  values  of  x.  From  the  theorem  which 
states  that  the  reed  pert  of  a  function  of  a  cosplex  variable 
changes  sign  2n  times  In  the  neighborhood  of  a  pole  of  multipli¬ 
city  n.  It  can  be  shown  that  any  pole  of  H(s)  on  the  Jco  axis 
must  be  simple,  and  that  any  residue  at  this  pole  must  be  real 
and  positive. 
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Let  kii,  Ysot)  ki2  be  the  residues  of  hn,  Yiszi  hi2> 
respectively,  at  a  pole  on  the  Jco  axis,  and  let  K  be  the  residue 
of  H(s)  at  this  pole.  It  is  known  that  K  must  be  real  euid  posi¬ 
tive  since  H(s)  is  positive-real.  Therefore, 

2  2 
K  =  knXi  +  2ki2Xixa  +  ksaxs  >  0  , 

which  states  that  the  matrix  of  residues  of  the  h  parameters,  at 
poles  on  the  jo  axis,  is  positive  semi-definite.  That  is, 

kii  >  0 
kgo  >  0 

kiikaa  -  kfa  >  0 

By  applying  the  maximum  modulus  theorem  to  H(s)  over 
the  closed  right-half  s  plane,  excluding  poles  on  the  jo  axis, 
it  can  be  demonstrated  that  |H(e)  |  attains  its  maximum  value  on 
the  axis. 

Therefore,  inequalities  (6a),  (6b),  and  (6c)  need  only 
be  verified  on  the  jo  axis  to  assure  that  they  are  satisfied  in 
the  entire  right-half  s -plane.  The  conditions  may  then  be  written s 


hii(jo)  >  0 

(7a) 

he2(jo)  >  0 

(7b) 

hii(jo)ha2(jo)  -  [hi2(jo)]®>0 

(7c) 
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All  poles  on  the  Jo)  axis  axe  slinple,  with  residues 

given  by: 


kix  >  0 

(7d) 

kaa  >  0 

(7e) 

kxika2  -  kfa  >  0 

(7f) 

Conditions  (7a)  to  (7^*)^  together  with  conditions  (6d), 
(6e),  and  {6f),  suffice  to  asstare  that  the  Impedance  matrix  of 
the  associated  network  is  positive  real. 

5*  The  Chain  Parameters 

The  chain  parameters  are  defined,  for  the  network  con¬ 
sidered  in  Figure  1,  by  the  equations 

ei  =  Aea  -  Bi^ 
ii  =  Cea  -  Di2  , 


which  express  input  variables  in  terms  of  output  variables. 
These  ABCD  parameters  are  related  to  the  z  and  y  parameters  by 
the  relations, 
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[ABCD]  = 


A 

-B 

2ii/zi2 

-Izl/zia 

C 

-D 

l/zi2 

-zaa/zia 

and 


[ABCDl 


-yszlvxz 
"Iy!/yx2  -yii/yaa 


i/yi2 

Li/yaa 


The  inverse  transformations  give. 


and 


1/C 


D/C 


Cy] 


yix 

yia 


-1/B 

A/B 


From  equation  (1),  in  terms  of  the  z  parameters,  the 
condition  that  the  principal  minors  he  non-negative  in  the  half¬ 
plane  Re(s)  >  0  requires  that 


Re(A/C)  >  0 
Re(D/C)  >  0 

Re(A/C)Re(D/C)  -  CBe(l/C)]®>0 
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Then,  if 

A  =  a  +  JA' 

B  =  b  +  Jp 
C  =  ?  +  Jt 

D  =  6  +  JA  , 

the  first  condition  becomes 

Re(Vc)  =  -||  >  0 

And,  since 

5®  +  >  0,  a.1  +  All  >  0  (8a) 

(Re(s)  >  0) 


The  second  condition  Ijsgplies, 

Re(D/C)  =  Re  [-|4^  ]>  0  , 


which  requires, 


6§  +  A\|f 


>  0 


or 


65  +  At  >  0  (Re(s)  >  0). 


(8b) 


The  final  condition  implies, 
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Re(A/C)Re(D/C)  -  ';Re(l/C)1®  >  0  , 


or 


a?  +  A'Jf  65  +  _  /  /  v  -iS 


Since 


[Red/C)!^  =  [Re - - - f  =  -  ■  , 

^  I  +  Jilr  (§®  +  if®)® 


(ag  +  i>!ir)(6g  *  At) 
(§®  +  if®)® 


r 


(I®  +  t®)® 


>  0  > 


which  requires 


(ag  +  i!Lif)(6g  +  A'!()  -  §®  >  0  (Re(s)  >  0)  (8c) 


An  alternate  set  of  conditions,  derived  by  relating  the 
ABCD  matrix  to  the  y  matrix,  may  be  found.  Since  the  y  matrix 
is  positive  reeuL,  the  conditions  becomes 

Re(D/B)  >  0 

Re(A/B)  >  0 

Re(D/B)Re(A/B)  -  rRe(l/B)]®>0 

The  first  condition  may  he  written 


Ik 


or 

6b  +  AP  >  0  (Re(s)  >  0)  (8a') 

The  second  condition  req^lre6 

Re(A/B)  =  -a  ^  (ab  +  iijB)  >  0  , 
b^  +  P® 

or 

ab  +  )<&  >  0  (Re(s)  >  0)  (8b') 

The  last  condition  Implies, 

(t*  *  ' '  V  j  _ 

Since 

"  [-rhs-] '  ’ 

(6b  +  &p)(ab  +  i!5p)  -  b®  >  0  (Re(s)  >  0)  (8c') 

Equations  (8)  and  (8')  may  be  slnqpllfled  by  noting 
that  a  reciprocal  network  satisfies  the  condition: 

AD  -  BC  =  1 

The  real  and  Imaginary  x>arts  of  the  reciprocity  relation  give 
a6-AA-b5  +  pili=l, 
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emd 


aA  +  ifc-bij(-P5=0. 


Equations  (8)  then  reduce  to* 

a§  +  4  >  0  , 
6§  +  At  >  0  , 
b§  +  A  >  0  , 


emd  equations  (8')  become 


6b  +  AP  >  0  , 
ab  +  43  >  0  , 
b§  +  AlA  >  0  , 


(9a) 

(9b) 

(9c) 

(9a') 

(9b') 

(9c') 


when  Re(s)  >  0  . 

Conditions  (9)  or  (9')  are  entirely  equivalent  to  in¬ 
equality  ( 1) ,  for  a  reciprocal  network  described  by  the  "chain" 
parameters . 

Conditions  on  the  aneilytlcity  of  A,  B,  C,  and  D  must  be 
examined  if  Re(8)  >  0.  It  is  known  that  zn,  zaa,  yn,  yaa  have 
no  poles  or  zeros  for  Re(8)  >  0  since  they  are  positive  real|  it 
is  edso  known  that  zia  and  yia  have  no  poles ,  but  may  have  zeros, 
in  this  region. 
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Therefore,  C  =  l/zi2  nay  either  te  analytic  for  Re(s)  >  0, 
or  It  may  have  a  pole|  It  nay  not  have  a  zero.  Since  A/C  =  zn 
has  no  poles  or  zeros  in  the  right-half  s-pleuie,  any  pole  of  A 
must  be  a  pole  of  C;  and  If  C  has  no  poles  or  zeros,  then  A  can 
have  no  poles.  Additionally,  any  common  poles  must  be  of  the 
sane  multiplicity. 

Finally,  -B  =  l/yi2  may  be  either  analytic  for  Re(s)  >  0, 
or  It  may  have  a  pole;  It  nay  not  have  a  zero,  etc.  Application 
of  these  properties  of  the  z  and  y  parameters  leads  to  the  general 
results 

a)  A,  B,  C,  D  may  have  no  zeros  for  Re(s)  >0.  (9d) 

b)  Either  A,  B,  C,  D  have  no  poles  or  they  have  the  same 

poles  of  the  same  multiplicity,  for  Re(s)  >0.  (9e) 

It  Is  Inquired  that  the  elements  of  the  Impedance  matrix 
must  be  reeuL  for  real  values  of  s.  In  particular,  this  Implies 
that  l/C  and,  therefore,  C  itself  must  be  real  for  real  values 
of  s.  This,  In  turn.  Implies  the  same  conditions  on  A,  B,  D. 

That  Is, 


A,  B,  C,  D  are  reed  for  s  reed.  (9f) 

Conditions  ( 94) >  (9^) >  ( 9f) >  together  with  either  ( 9ft)  > 
(9b),  (9c),  or  (9ft')>  (Sto')>  (9c')  are  necessary  emd  sufficient 
to  Insure  that  the  Impedance  matrix  of  the  eissoclated  2-port, 
reciprocal  network  Is  positive  real. 
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1*^.  The  Scattering  Parameters 

Resdizabillty  conditions  for  networks  may  aiso  be  de¬ 
scribed  in  terms  of  the  scattering  parameters.  Such  a  procedure 
is  outlined  by  Carlin.^ 

At  a  given  pair  of  tennlneils  in  a  network,  "reflected" 
and  "incident"  voltages  may  be  defined  in  terms  of  terminal  vol¬ 
tage  and  current,  v  and  i,by. 


,(i) 


-i[- 


ij 


=l[7r-^‘J  ' 


where  is  a  normalizing  constant. 

For  an  n-port  network,  the  scattering  co-efficients  are 
defined  by  the  equations: 

vi(r)  +  —  +  SinVn^i^ 

va^^^  =  saivi^^^  +  sasva^^^  +  — -  +  sanVn^^^ 


v‘(r) 

»n 


SniV; 


(1) 


®n2^2 


(1) 


+  —  +  8 


imp'll 


(1) 


The  scattering  matrix  may  be  expressed  in  teims  of  the 
impedances  or  admittances  observed  at  the  texminals.  The  deriva¬ 
tion  can  be  developed  from  the  expressions  for  the  noxmallzed 
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"reflected"  and  "Incident"  quantities  to  give 

S  =  (Z  +  1)(Z  -  1)"^  =  (1  -  Y)(l  +  Y)"^ 

where  the  capital  letters  indicate  matrix  quantities. 

The  condition  of  reciprocity  requires  that  the  Z  and  Y 
matrices  must  be  symznetrical,  and  consequently  S  must  be  symmetri¬ 
cal. 

On  the  basis  of  energy  relations  and  other  restrictions, 
Carlin  deduces  necessary  auid  sufficient  conditions  for  reeG-iza- 
bility.  For  the  case  of  an  n-port  reciprocal  network,  these  con¬ 
ditions  may  be  stated  as: 

a)  S(p) ,  the  scattering  matrix,  contains  real,  rational 

functions  Sj|^j(p),  analytic  for  a  >  0,  (10) 

b)  Q  =  [l  -  S*(p)S(p)]  is  a  positive  Hermitian  matrix 

for  0=0,  (lOa) 


where  p  is  the  complex  variable,  p  =  a  +  Jcd. 

For  the  two-port  reciprocal  case,  the  scattering  matrix 


is. 


and 


S 


Sll(p)  Si2(p) 
Sl2(p)  Sa2(p) 


6ix{p)  sJaCp) 
sia(p)  sa2(p) 


S*  = 
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whence 

S*(p)S(p)  = 

and 

Q  =  (1  -  S*S)  = 


(siisii  +  siasia) ( siisi2  +  B*asaa) 

(siisia  +  siasaa) ( siasia  +  sassaa) 


1  -  Isiil  -  Isial 
“(siisia  +  siasaa) 


"(sxisia  +  siasaa) 

1  -  Isaal^  -  Uial^ 


Since  Q  =  1  -  S*S  must  be  a  positive  Hermitian  matrix,  condition 
(la)  becomes,  for  p  «  Joj, 


or  (1  - 

Isnl=  -  Isial^)  >  0  — 

—  (11) 

or  (1  - 

|saal^  -  Isial^)  >  0  — _ 

—  (12) 

and. 


or 


Re(qii)Re(q2a)  -  Re(qia)Re(qaa)  >  0  , 


(1  -  Isiil®  -  lsi2l^)(l  -  |saal^  "  Isia]^) 


-  Re(snsia  +  sia62a)Re(siisia  +  siasaa)  >  0  .  ( 1?) 


Conditions  (10),  (11),  (12),  and  (13)  are  necessary  euid 
s\2fflclent  to  insTire  that  the  luspedance  matrix  of  the  associated 
2-port,  reciprocal  network  Is  positive  real. 
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5.  An  Eacancple  of  Pole-Zero  Locations 

A  certain  class  of  networks  satlsfVing  the  analyticity 
conditions  is  examined  below  for  purposes  of  illustration.  Con¬ 
sider  the  symmetrical  lattice  network  shown  in  Figure  2. 


Is 


The  impedance  parameters  are 


zii  =  zss  =  +  Zg) 


Zl2  = 


In  particular,  consider  the  network  wherein 

Zg  =  2R 


Z;^  =  2sL  , 
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as  In  Figure  5* 


Pigtire  5 

The  impedance  parameters  become 
Zxx  —  zop  =  L(  s  +  R/L) 
zia  =  L(s  -  R/L) 

The  pole-zero  locations  are  shown  in  Figxire  4. 


Figure  4 
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The  "chsdn"  parameters  are: 

A  =  ^11  =  L(s  +  R/l)  _  (s  +  R/l) 

zia  ”  L(s  -  r/l)  "  (s  -  R/L) 

®  ■  TT^ 

c  =-i-  =-— A_ 

zia  L(s  -  r/l) 

D  _  zaa  _  (s  +  r/l) 

zia  (s  -  R/L) 


The  pole-zero  locations  for  these  parameters  are  shown  In  Figure  5. 


A 

-© - K- 

-R/L  +R/L 


Figure  5 
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Clearly,  these  locations  satisfy  realizability  conditions 
(9d)  and  (9e)  • 

Similarly,  the  h  parameters  are  found  to  be 


hix 


h22 


hi2 


_  IH 

4Rs 

222 

(s  +  R/L) 

1 

1 

222 

L{s  +  R/L) 

_  Zi2 

(s  -  R/L) 

Z22 

(s  +  R/L) 

The  corresponding  pole -zero  locations  are  shown  in  Figure 


6. 
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